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Abstract
This work deals with the control of the motion of a disk rolling without slipping on a curve located in the horizontal plane. The
disk’s motion is driven by a pedalling torque and by using two overhead rotors. In addition, the case where the disk rolls on a plane
curve with its plane vertical to the (X, Y )-plane, is discussed.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
This work deals with the control of the motion of a disk rolling on a curve which is located in the horizontal plane.
This curve is called here a plane curve.1 Thus, it is dealt with here via the motion of a system which is composed of a
disk rolling without slipping on a regular plane curve, [1], a controlled slender rod that is pivoted through its center of
mass about the disk’s center, and two overhead spinning circular plates with their axes fixed in the upper part of the
rod (see Figs. 1 and 2). These spinning plates are called here rotors. The slender rod is controlled in such a manner
that it is always aligned along the line passing through the points O and C, where O denotes the center of the disk, and
C denotes the point of contact between the disk and the curve. The upper rotor (say Rotor 1) rotates in a plane that
passes through the disk’s axis and the rod, whereas the lower rotor (say Rotor 2) rotates in a plane that is perpendicular
to the rod (see Figs. 1 and 2). The motion of the disk is driven by a pedalling torque, applied to a mechanism located
at the center of the disk, and by torques applied to the two rotors.
The modelling and control of the motion of a disk rolling on a regular curve in R3, is dicussed in [2], and the case
where the motion is driven by two overhead rotors is dicussed in [3].
The special case where the disk is rolling on a curve located in the horizontal plane is important enough to be
discussed on its own. Thus, this work is a continuation of [3]. The development of the model for the motion of the
disk–rod–rotors’ system, given in [3], is included here for the sake of completeness. In addition, the case where during
the disk’s motion on the plane curve, the disk’s plane is vertical to the horizontal plane, is also dealt with.
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1 A plane curve in R3 is a curve that lies in a single plane of R3, [1]. In this work, a plane curve is refered to as a curve that lies in the X–Y
plane.
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Fig. 1. Front view of the system.
Fig. 2. Side view of the system. The rod is pivoted through its center of mass at O.
2. Dynamical model
2.1. Preliminaries
This work deals with the modelling and control of the motion of a system as described above. The regular curve, on
which the disk is rolling, is given below. Let, I, J and K be unit vectors along an inertial (X, Y, Z)-coordinate system.
It is assumed here that the curve is represented by
rW (u) = x(u)I + y(u)J, u ∈ [u1, u2), u1 < u2. (1)
Define the following unit vectors for rW (u), rW ∈ Cm , m ≥ 2,
e1 = r′W (u)‖r′W (u)‖−1, e3 = (r′W (u)× r′′W (u))‖r′W (u)× r′′W (u)‖−1, e2 = e3 × e1, (2)
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where
r′(u) = dr(u)
du
, r′′(u) = d
2r(u)
du2
, r′′′(u) = d
3r(u)
du3
, . . . . (3)
In the sequel, only curves where x ′(u)y′′(u) − x ′′(u)y′(u) > 0, for all u ∈ [u1, u2) are considered. In these cases,
e3 = K. Note that if r(u) is a regular curve, then, [1], ‖r′(u)‖ > 0, for all relevant u. In general u = s is being used,
where for rW = rW (t)
s(t) =
∫ t
tO
∥∥∥∥drW (t)dt
∥∥∥∥ dt, (4)
that is, s(t) is the length of the curve from some point s(tO) corresponding to rW (tO) to the point rW (t). Henceforth,
the choice u = t will be used here. The vectors e1, e2 and e3 satisfy the Frenet–Serret equations, see [1] or [5]
d
dt
e1e2
e3
 =
 0 s˙κ 0−s˙κ 0 0
0 0 0
e1e2
e3
 , (5)
where s˙ = dsdt , κ(s(t)) is the curvature function. Note that τ(s(t)), the torsion function, vanishes for a plane curve,
see [1] for more details. Since
e1 × e2 = e3, and e2 × e3 = e1,
it follows that the vectors ek , k = 1, 2, 3 constitute an orthonormal system. Hence, (e1, e2, e3) is an orthonormal
coordinate system, ek = ek(s(t)), k = 1, 2, 3.
It is assumed here that the origin of (e1, e2, e3) is attached to, and moving with, the point of contact rC (t) between
the disk and the curve. Note that
rC (t) = x(sC (t))I + y(sC (t))J = rW (sC (t)), (6)
where sC (t) ≥ s(tO), for some tO . That is, sC (t) is the length of the curve from s(tO) to the point of contact rC (t). In
the sequel Eq. (6) will be written in the form
rC (t) = xC (t)I + yC (t)J, t ≥ tO . (7)
Example: Note that when rW is a circle then Eq. (1) is written as
rW (t) = a cos tI + a sin tJ, a > 0. (8)
and
e1 = − sin tI + cos tJ, e2 = − cos tI − sin tJ, e3 = K. (9)
It can be shown, [1], that κ = a−1.
2.2. Angular velocity vectors
2.2.1. The disk’s angular velocity vector
Denote by k
k = sin θ cosφe1 + sin θ sinφe2 + cos θe3, (10)
a unit vector along the axis of the disk. Then, the vectors iθ and iφ , given by iθ = ∂k∂θ and iφ = (1/ sin θ)
∂k
∂φ
are at all
times in the plane of the disk. Define the following vectors, i and j,
i = cosψ iθ + sinψ iφ, j = − sinψ iθ + cosψ iφ (11)
1332 Y. Yavin / Computers and Mathematics with Applications 54 (2007) 1329–1340
which are always in the plane of the disk. Hence, the following relations are obtained ij
k
 = E(θ, φ, ψ)
e1e2
e3
 , (12)
where
E =
 cos θ cosφ cosψ − sinφ sinψ cos θ sinφ cosψ + cosφ sinψ − sin θ cosψ− cos θ cosφ sinψ − sinφ cosψ − cos θ sinφ sinψ + cosφ cosψ sin θ sinψ
sin θ cosφ sin θ sinφ cos θ
 . (13)
Denote by
ωD = ωD1i+ ωD2 j+ ωD3k, (14)
the angular velocity vector of the disk. By using the results of [3], the following equations are obtained:
ωD1 = sinψ dθdt − cosψ
(
dφ
dt
+ ds
dt
κ
)
sin θ, ωD2 = cosψ dθdt + sinψ
(
dφ
dt
+ ds
dt
κ
)
sin θ, (15)
ωD3 = dψdt +
(
dφ
dt
+ ds
dt
κ
)
cos θ. (16)
Also, since ωD = ωe1e1 + ωe2e2 + ωe3e3, it follows that
ωe1 = dψdt sin θ cosφ −
dθ
dt
sinφ, ωe2 = dψdt sin θ sinφ +
dθ
dt
cosφ, ωe3 = dφdt +
dψ
dt
cos θ + ds
dt
κ. (17)
Note that, κ = κ(sC (t)) and ek = ek(sC (t)), k = 1, 2, 3.
2.2.2. The rod’s angular velocity vector
The attached slender rod is controlled in such a manner that it is always aligned along the vector iθ . This control
problem is not treated here. Define the following vectors
iR = cosψR iθ + sinψR iφ, jR = − sinψR iθ + cosψR iφ, (18)
where ψR denotes the angle of rotation of the rod about the center of the disk. But, since ψR is controlled in a manner
described above, one has
dψR(t)
dt
= 0, ψR(t) = 0 H⇒ iR = iθ , jR = iφ . (19)
Thus, let
ωR = ωB1iθ + ωB2iφ + ωB3k, (20)
denote the rod’s angular velocity vector. Then, by using the same procedure as above the following expressions for
ωBi , i = 1, 2, 3 are obtained
ωB1 = −
(
dφ
dt
+ ds
dt
κ
)
sin θ, ωB2 = dθdt , ωB3 =
(
dφ
dt
+ ds
dt
κ
)
cos θ. (21)
2.2.3. The upper rotor angular velocity vector
As described in the Introduction, the upper rotor (say Rotor 1) rotates in a plane that passes through the disk’s axis
and the rod. Thus, define the following vectors
kO1 = cosα1iθ + sinα1k, jO1 = − sinα1iθ + cosα1k, (22)
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where α1 is the angle of rotation of the upper rotor about its axis. Since the slender rod is controlled in such a manner
that it is always aligned along iθ , the axis of rotation of the upper rotor is aligned along −iφ . Denote by
ωUR = ω(O1)1 kO1 + ω(O1)2 jO1 + ω(O1)3 (−iφ), (23)
the angular velocity vector of the upper rotor. Thus, by applying the same procedure applied to derive Eqs. (15) and
(16), the following equations are obtained
ω
(O1)
1 =
(
dφ
dt
+ ds
dt
κ
)
sin(α1 − θ), ω(O1)2 = −
(
dφ
dt
+ ds
dt
κ
)
cos(α1 − θ), (24)
ω
(O1)
3 =
dα1
dt
− dθ
dt
. (25)
2.2.4. The lower rotor angular velocity vector
As described in the Introduction, the lower rotor (say Rotor 2) rotates in a plane that is perpendicular to the rod
(see Figs. 1 and 2). Thus, define the following vectors
kO2 = cosα2k+ sinα2iφ jO2 = − sinα2k+ cosα2iφ, (26)
where α2 denotes the angle of rotation of the lower rotor about its axis, which is located at the center of the cross-
section of the rod and aligned along the rod. That is, the axis of rotation of the lower rotor is aligned along−iθ . Denote
by
ωLR = ω(O2)1 kO2 + ω(O2)2 jO2 + ω(O2)3 (−iθ ), (27)
the angular velocity vector of the lower rotor. Hence, in the same manner as discussed above, the following equations
are derived
ω
(O2)
1 =
dθ
dt
sinα2 +
(
dφ
dt
+ ds
dt
κ
)
cos θ cosα2, (28)
ω
(O2)
2 =
dθ
dt
cosα2 −
(
dφ
dt
+ ds
dt
κ
)
cos θ sinα2, (29)
ω
(O2)
3 =
dα2
dt
+
(
dφ
dt
+ ds
dt
κ
)
sin θ. (30)
2.3. Derivation of the displacement velocity vectors
2.3.1. Derivation of vO
Let rO denote the center of the disk, and denote by rC the point of contact between the disk and the curve rW (t);
thus
rO = rC − aO iθ , (31)
where aO denotes the radius of the disk. The definition of ei , i = 1, 2, 3 (Eqs. (2)) implies the following relatione1e2
e3
 = G
 IJ
K
 , G =
g11 g12 0g21 g22 0
0 0 1
 = (G2×2 02×101×2 1
)
, (32)
G2×2 =
(
g11 g12
g21 g22
)
02×1 =
(
0
0
)
, 01×2 =
(
0 0
)
,
where G is an orthonormal matrix. By differentiating both sides of Eq. (7) with respect to t , the following equation is
obtained
vC (t) = drCdt =
dxC (t)
dt
I + dyC (t)
dt
J. (33)
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And, by using the relation between ei , i = 1, 2, 3, and I, J,K, given by Eq. (32), Eq. (33) implies
vC = vC1e1 + vC2e2, (34)
where (
vC1 vC2
)T = G2×2 (dxC
dt
dyC
dt
)T
, (35)
By differentiating both sides of Eq. (31) with respect to t , it follows that
vO = drOdt = vC − aO
[
−dθ
dt
k+
(
dφ
dt
+ ds
dt
κ
)
cos θ iφ
]
. (36)
2.3.2. The derivation of vUR and vLR
Denote by rUR the location of the center of mass of the upper rotor and by rLR the location of the center of mass
of the lower rotor. Then (see Fig. 2)
rUR = rO − L12iθ = rC − (aO + L12)iθ , rLR = rO − L13iθ = rC − (aO + L13)iθ . (37)
Hence
vZ = drZdt = vC − ZO
[
−dθ
dt
k+
(
dφ
dt
+ ds
dt
κ
)
cos θ iφ
]
, (38)
where if Z = O , then ZO = aO ; if Z = UR, then ZO = aO + L12; and if Z = LR, then ZO = aO + L13.
2.4. The Lagrangian function
The Lagrangian function, [4], for the motion of the disk–rod–rotors’ system is given here by
L = TD + TR + TUR + TLR − V, (39)
where
TD = 12 ID1
[(
dθ
dt
)2
+
(
dφ
dt
+ ds
dt
κ
)2
sin2 θ
]
+ 1
2
ID3
[
dψ
dt
+
(
dφ
dt
+ ds
dt
κ
)
cos θ
]2
+ 1
2
mDv2O , (40)
is the kinetic energy of the disk,
TR = 12 IR1
(
dφ
dt
+ ds
dt
κ
)2
sin2 θ + 1
2
IR2
(
dθ
dt
)2
+ 1
2
IR3
(
dφ
dt
+ ds
dt
κ
)2
cos2 θ + 1
2
mRv2O , (41)
is the kinetic energy of the rod,
TUR = 12 I
(O1)
1
(
dφ
dt
+ ds
dt
κ
)2
+ 1
2
I (O1)3
(
dα1
dt
− dθ
dt
)2
+ 1
2
mURv2UR (42)
is the kinetic energy of the upper rotor,
TLR = 12 I
(O2)
1
[(
dθ
dt
)2
+
(
dφ
dt
+ ds
dt
κ
)2
cos2 θ
]
+ 1
2
I (O2)3
[
dα2
dt
+
(
dφ
dt
+ ds
dt
κ
)
sin θ
]2
+ 1
2
mLRv2LR, (43)
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is the kinetic energy of the lower rotor,
V = gm1 sin θ, (44)
is the potential energy of the disk–rod–rotors’ system, and
mO = mD + mR + mUR + mLR, m1 = mOaO + mURL12 + mLRL13,
v2Z = 〈vZ , vZ 〉 =
(
dxC (t)
dt
)2
+
(
dyC (t)
dt
)2
+ Z2O
[(
dθ
dt
)2
+
(
dφ
dt
+ ds
dt
κ
)2
cos2 θ
]
− 2ZO
[
−dθ
dt
〈vC , k〉 + 〈vC , iφ〉
(
dφ
dt
+ ds
dt
κ
)
cos θ
]
, (45)
where Z and ZO are as described above,
〈vC , k〉 = a11 dxCdt + a12
dyC
dt
, 〈vC , iφ〉 = a21 dxCdt + a22
dyC
dt
, (46)
a11 = (g11 cosφ + g21 sinφ) sin θ, a12 = (g12 cosφ + g22 sinφ) sin θ, (47)
a21 = −g11 sinφ + g21 cosφ, a22 = −g12 sinφ + g22 cosφ. (48)
In the expressions above, the following notations have been used:
(1) IDj , j = 1, 2, 3, denote the moments of inertia of the disk about the i, j, and k axes, respectively. ID1 = ID2, and
mD denotes the mass of the disk.
(2) IRj , j = 1, 2, 3, denote the moments of inertia of the rod about the iθ , iφ , and k axes, respectively. IR2 = IR3,
and mR denotes the mass of the rod.
(3) I (O1)j , j = 1, 2, 3, denote the moments of inertia of the upper rotor about the kO1, jO1, and−iφ axes, respectively.
I (O1)1 = I (O1)2 , and mUR denotes the mass of the upper rotor.
(4) I (O2)j , j = 1, 2, 3, denote the moments of inertia of the lower rotor about the kO2, jO2, and−iθ axes, respectively.
I (O2)1 = I (O2)2 , and mLR denotes the mass of the lower rotor.
Thus, θ, φ and ψ are playing the following roles here : θ is the leaning angle of the disk, that is, the angle between
the disk’s axis and the K-axis where for θ = pi/2 the plane of the disk is vertical to the (X, Y )-plane (at the point
rC ); iφ represents the direction of the disk with respect to the (e1, e2)-coordinate system at the point rC ; ψ represents
the angle of rotation of the disk about its axis; and (xC , yC ) represents the point of contact between the disk and the
curve; α1 represents the angle of rotation of the upper rotor about its axis, and α2 represents the angle of rotation of
the lower rotor about its axis.
The motion of the disk involves rolling without slipping. This leads to the condition
vO + ωD × aO iθ = 0, (49)
at rC , where vO , ωD and iθ are given in the (e1, e2, e3) basis. Hence, Eq. (49) leads to
vC1 − aO dψdt sinφ = 0, vC2 + aO
dψ
dt
cosφ = 0. (50)
Denote
A =
(
g11 g12 −aO sinφ
g21 g22 aO cosφ
)
, B =
(
g11 g21
g12 g22
)
= (G2×2)T, (51)
and let Q = (xC , yC , ψ)T denote a collection of some of the generalized coordinates.
Then, Eq. (50), by using Eq. (35), can be written as
A
dQ
dt
= 02, 02 = (0, 0)T. (52)
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Multiplying both sides of Eq. (52) by B Eq. (52) yields
C
dQ
dt
= 02, where C =
(
1 0 aOa21
0 1 aOa22
)
. (53)
That is rankA = 2. Hence, Eqs. (50) constitute two independent nonholonomic constraints for the motion of the disk
on the curve given by (1).
Note that in this work q = (xC , yC , ψ, θ, φ, α1, α2)T denotes the vector of generalized coordinates related to the
motion of a disk–rod–rotors’ system on a regular curve located in the horizontal plane.
2.5. The expression for dsC (t)dt
By using Eqs. (33) and (50) it follows that
2∑
i=1
v2Ci =
(
dxC
dt
)2
+
(
dyC
dt
)2
=
∥∥∥∥drC (t)dt
∥∥∥∥2 = a2O (dψdt
)2
. (54)
And by using Eq. (4), Eq. (54) implies(
dsC (t)
dt
)2
=
∥∥∥∥drC (t)dt
∥∥∥∥2 = a2O (dψ(t)dt
)2
. (55)
Eq. (55) has two solutions, that is
dsC (t)
dt
= −aO dψ(t)dt , or
dsC (t)
dt
= aO dψ(t)dt . (56)
Henceforward, the following solution will be used here
ds(t)
dt
= dsC (t)
dt
= −aO dψ(t)dt , where
dψ(t)
dt
< 0, (57)
that is, here the case where dψdt < 0 is dealt with. Since Eq. (57) is integrable, the coordinate sC (t) or s(t) can be
eliminated from the list of generalized coordinates of the disk–rod–rotors’ system by using Eq. (57). That is, one has
to insert −aO ψ˙ instead of s˙ or s˙C , and −aOψ instead of s or sC , in all the equations above. Note that from Eq. (6)
onward, s(t) is used as a shorthand notation for sC (t).
2.6. The Lagrange equations
2.6.1. The constraint forces
Let Γ (const)j , j = 1, 2, 3, 4, 5, 6, 7, be the constraint forces induced by the nonholonomic constraints given by Eq.
(53). Define the following matrix
H = (C O2×4) , where O2×4 is the 2× 4 null matrix. (58)
Then, it follows from [6] that
Γ (const) = HTλ, λ = (λ1, λ2)T, (59)
where
Γ (const) = (Γ (const)1 ,Γ (const)2 ,Γ (const)3 ,Γ (const)4 ,Γ (const)5 ,Γ (const)6 ,Γ (const)7 )T, (60)
and λi , i = 1, 2, are Lagrange like multipliers.
The Lagrange equations, [4], for the motion of the disk–rod–rotors’ system are given by
d
dt
(
∂L
∂q˙ j
)
− ∂L
∂q j
= Γ j + Γ (const)j , j = 1, 2, 3, 4, 5, 6, 7, (61)
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where Γ j , j = 1, 2, 3, 4, 5, 6, 7, are the applied forces acting on the disk–rod–rotors’ system, Γ j = 0, j = 1, 2, 4, 5,
Γ3 = Γψ , Γ6 = Γα1, and Γ7 = Γα2.
Here, Γψ denotes the pedalling torque, Γα1 is the torque applied to the upper rotor, and Γα2 is the torque applied
to the lower rotor.
2.6.2. The calculation of λi , i = 1, 2
From the structure of the matrix H, (58) and (59) and Eqs. (61), it follows that
d
dt
(
∂L
∂ x˙C
)
− ∂L
∂xC
= λ1, ddt
(
∂L
∂ y˙C
)
− ∂L
∂yC
= λ2. (62)
Hence
λ1 = mO d
2xC
dt2
+ m1a11 d
2θ
dt2
− m1a21
(
d2φ
dt2
− aO d
2ψ
dt2
κ
)
cos θ + h1, (63)
λ2 = mO d
2yC
dt2
+ m1a12 d
2θ
dt2
− m1a22
(
d2φ
dt2
− aO d
2ψ
dt2
κ
)
cos θ + h2, (64)
where
h1 = m1 da11dt
dθ
dt
− m1 dφdt
d
dt
(a21 cos θ)+ m1aO dψdt
d
dt
(a21κ cos θ), (65)
h2 = m1 da12dt
dθ
dt
− m1 dφdt
d
dt
(a22 cos θ)+ m1aO dψdt
d
dt
(a22κ cos θ). (66)
Hence, (59) and (63), (64) imply
Γ (const)i = λi , i = 1, 2, (67)
Γ (const)3 = aO(a21λ1 + a22λ2)
= a2O
d2ψ
dt2
[−mO + m1κ cos θ ]− m1aO d
2φ
dt2
cos θ + aO(h1a21 + h2a22). (68)
Γ (const)i = 0, i = 4, 5, 6, 7. (69)
Let 〈a, b〉 denote the inner product between the vectors a and b, and
a1 = (a11, a12)T, a2 = (a21, a22)T. (70)
In the derivation of Eq. (68) the following relations have been used
〈a1, a1〉 = sin2 θ, 〈a2, a2〉 = 1, 〈a1, a2〉 = 0. (71)
2.6.3. The equations of motion
By using the expressions forL, Eqs. (40)–(44) and Eqs. (61), for j = 3, 4, 5, 6, 7 the following equation is obtained
m33 0 m35 0 m37
0 m44 0 m46 0
m35 0 m55 0 m57
0 m46 0 m66 0
m37 0 m57 0 m77
 d2dt2

ψ
θ
φ
α1
α2
+

f1
f2
f3
0
f5
 =

Γψ
0
0
Γα1
Γα2
 , (72)
where
m33 = I331a2Oκ2 sin2 θ + I332a2Oκ2 cos2 θ + I (O1)1 a2Oκ2 + ID3(1− aOκ cos θ)2
−m1a2Oκ cos θ + a2O(mO − m1κ cos θ) (73)
m35 = −I331aOκ sin2 θ − I332aOκ cos2 θ − ID3aOκ cos2 θ − I (O1)1 aOκ + (ID3 + aOm1) cos θ, (74)
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m37 = −I (O2)3 aOκ sin θ, m44 = I44, m46 = −I (O1)3 , (75)
m55 = I55(θ), m57 = I (O2)3 sin θ, m66 = I (O1)3 , m77 = I (O2)3 , (76)
I331 = ID1 + IR1 + I (O2)3 , I332 = IR3 + I (O2)1 + m2, (77)
m2 = mDa2O + mRa2O + mUR(aO + L12)2 + mLR(aO + L13)2, (78)
I44 = ID1 + IR2 + I (O1)3 + I (O2)1 + m2, (79)
I55(θ) = I331 sin2 θ + (ID3 + I332) cos2 θ + I (O1)1 . (80)
Also, it follows from (53) that
dxC
dt
= −aOa21 dψdt ,
dyC
dt
= −aOa22 dψdt , (81)
The mathematical expressions of fi , i = 1, 2, 3, 5 are not used in the sequel, and they are therefore omitted here.
Eqs. (72) and (81) constitute the equations of motion of the disk–rod–rotors’ system. From this point, one can
continue to deal with the control problem in the same manner as in [3]. This problem is not treated here. Instead, the
following special case is dealt with.
2.7. The case where the plane of the disk is vertical to the horizontal plane
This section deals with the case where during the disk’s motion on the plane curve, the disk’s plane is vertical to
the horizontal plane. That is, θ(t) = pi2 and dθ(t)dt = 0 for all t ≥ 0. In this case, Eq. (38) yields
vZ = vC , for Z = O, or Z = aO + L13. (82)
Now, since only the lower rotor is being used, the vector q of generalized coordinates reduces to q =
(xC , yC , ψ, φ, α2)T. Thus, by using the same procedure as above, the following equations are obtained
Γ (const)1 = λ1 = MO
d2xC
dt2
, Γ (const)2 = λ2 = MO
d2yC
dt2
, (83)
Γ (const)3 = aO(a21λ1 + a22λ2) = −a2OMO
d2ψ
dt2
, MO = mD + mR + mLR. (84)
In addition, Eq. (72) reduces toM33 M34 M35M34 M44 M45
M35 M45 M55
ψ¨φ¨
α¨2
+
η3η4
η5
 =
Γψ0
Γα2
 , (85)
where
M33 = I331a2Oκ2 + ID3 + MOa2O , M34 = −I331aOκ, M35 = −I (O2)3 aOκ, (86)
M44 = I331, M45 = I (O2)3 , M55 = I (O2)3 , (87)
η3 = I331κ˙(2a2Oκψ˙ − aO φ˙)− I (O2)3 aO κ˙ α˙2, η4 = −I331aO κ˙ψ˙, η5 = −I (O2)3 aO κ˙ψ˙ . (88)
From the equation
d
dt
∂L
∂α˙2
− ∂L
∂α2
= Γα2, (89)
it follows that
α¨2 = −φ¨ + aOκψ¨ + aO κ˙ψ˙ + (I (O2)3 )−1Γα2. (90)
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Inserting α¨2 from (90) into the first two rows of (85) yields(
D11 D12
D12 D22
)(
ψ¨
φ¨
)
+
(
F1
F2
)
=
(
E11 E12
0 E22
)(
Γψ
Γα2
)
, (91)
where
D11 = a2Oκ2(ID1 + IR1)+ ID3 + MOa2O , D12 = −aOκ(ID1 + IR1), D22 = ID1 + IR1, (92)
F1 = η3 + aOM35κ˙ψ˙, F2 = η4 + aOM45κ˙ψ˙, (93)
E11 = 1, E12 = −(I (O2)3 )−1M35, E22 = −(I (O2)3 )−1M45. (94)
Denote
D =
(
D11 D12
D12 D22
)
, E =
(
E11 E12
0 E22
)
. (95)
Then, direct calculation yields
det D = (ID3 + MOa2O)(ID1 + IR1), det E = −1. (96)
Define the following transformation
EΓ = Du+ F, Γ = (Γψ ,Γα2)T, u = (u1, u2)T, F = (F1, F2)T. (97)
Then, Eqs. (91) and (97) yield
ψ¨ = u1, φ¨ = u2. (98)
In addition, one has the following equations (see (81))
x˙C = −aOa21ψ˙, y˙C = −aOa22ψ˙. (99)
The function u1 can be chosen in a similar manner as in [3], whereas an obvious choice for u2 will be
u2 = −k1φ˙ − k2(φ − φD), φD = −pi2 , (100)
where ki , i = 1, 2, are such that the polynomial
f (s) = s2 + k1s + k2 (101)
has its roots in the left-hand-side of the s-domain. In this case, iφ → e1 as t →∞.
Also, by using the second row of Eqs. (85) and (98), it follows that
α¨2 = −(I (O2)3 )−1(M34u1 + M44u2 + η4). (102)
Note that it is assumed in this work that κ(s(t)) and κ˙(s(t)) are given for all relevant time intervals. Thus, once u1
and u2 are determined, then one can solve the set of equations (98), (100) and (102), and then use Eq. (97) to find Γψ
and Γα2.
3. Conclusion
This work, which is a continuation of [3], constitutes a first step in the modelling and control of the motion of
vehicles on a regular curve located in a plane.
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